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Abstract 

Let K he a p-adic field, R the valuation ring of K, P the maximal ideal 
of R and q the cardinality of the residue field R/P. Let / be a polynomial 
over i? in n > 1 variables and let x be a character of R^ . Let Mi{u) be 
the number of solutions of / = u in {R/P^)'^ for i £ Z>o and u G R/P'^. 
These numbers are related with Igusa's p-adic zeta function Zf^^{s) of /. 
We explain the connection between the Mi{u) and the smallest real part 
of a pole of Zf^^{s). We also prove that Mi{u) is divisible by 
where the corners indicate that we have to round up. This will imply our 
main result: Zf^^{s) has no poles with real part less than — n/2. We will 
also consider arbitrary i^-analytic functions /. 

1 Introduction 

(1.1) Let K he a. p-adic field, i.e., an extension of Qp of finite degree. Let R 
be the valuation ring of K, P the maximal ideal of i?, vr a fixed uniformizing 
parameter for R and q the cardinality of the residue field R/P. For z & K, let 
oidz G Z U {+00} denote the valuation of z, \z\ = q-"^'^^ the absolute value of z 
and acz = ztt~°'^'^^ the angular component of z. 

Let X be a character of R^, i.e., a homomorphism x '■ ~^ with finite 
image. We formally put x(0) = 0. Let e be the conductor of x, i-e., the smallest 
a G Z>o such that x is trivial on 1 + P". 

(1.2) Let / be a i^-analytic function on an open and compact subset X of K"' 
and put ). Igusa's p-adic zeta function of / and x is defined by 

ZfAs)= [ X{^cf{x))\f{x)ndx\ 
Jx 
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for s G C, Re(s) > 0, where \dx\ denotes the Haar measure on i^T", so normahzed 
that i?" has measure 1. Igusa proved that it is a rational function of q~^, so that 
it extends to a meromorphic function Zf^^^^s) on C which is also called Igusa's 
p-adic zeta function of /. We will write Zf^^(t) if we consider Zf^^{s) as a function 
in the variable t = q~'^. If x is the trivial character, we will also write Zf{s) and 
Zf{t). 

(1.3) A power series / = ^^^^ j„)ez" (^ii,...,i„^^i ■ ■ - ^n ^^^^ ^ convergent in 
(ai, . . . , a„) G K"- if and only if \ci-^^,„^i^a^i . . . a^" | — if + ■ ■ ■ + — ^ oo. If 
/ is convergent at every (ai, . . . , a„) G (P^)" for some A; G Z, then / is called a 
convergent power series. 

Because a ii'-analytic function is locally described by convergent power series, 
we only have to consider this type of functions in the study of Igusa's p-adic zeta 
function. By performing a dilatation of the form (xi, . . . , x„) ^— (vr'^Xi, . . . , ir'^Xn), 
we may moreover suppose that / is rigid, i.e., convergent on i?". The coefficients 
of a rigid i^-analytic function / on i?" have the property that |cij^...^j,J — > if 
ii + ■ ■ ■ + in ^ oo. Consequently, |cij_...^j„| is bounded and we can multiply / by 
an element of K to obtain a series over R. So we only have to study Zf{s) for 
rigid i^-analytic functions / on i?" defined over R. See also |Ig2t Chapter 2]. 

(1.4) Let / be a rigid i^-analytic function on i?" defined over R. Igusa's p-adic 
zeta function of such an / has an important connection with congruences. For 
i G Z>o and u G R/P\ let Mi{u) be the number of solutions of f{x) = u mod 

in {R/P'Y. Put Mi := Mi(0). 

The Mj+e(7r*-u), u G {R/P'^)^, describe Zf^^{t) through the relation 

oo 

If X is the trivial character, all the Mj's describe and are described by Zf{t) 
through the relation 

m = Pit) - 

where the Poincare series P(t) of / is defined by 

oo 

P{t) = Y,Mi{q-Hr. 

1=0 

Remark that P{t) is a rational function because Zf{t) has this property. 

(1.5) Igusa's p-adic zeta function is often studied by using an embedded reso- 
lution of /. The well known fact that Zf^^{s) has no poles with real part less 
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than —1 if n = 2 is easily proved in this way. We used this method in |Se2j to 
determine all the values less than —1/2 which occur as the real part of a pole 
of some Zf^^{s) if ri = 2, and all values less than —1 if n = 3. In particular, 
we proved that there are no poles with real part less than —3/2 if n = 3. In 
arbitrary dimension n > 1, we saw in |SeH Section 3.1.4] that it is easy to prove 
that there are no poles with real part less than — (n — 1) and we conjectured that 
this bound can be sharpened to —n/2. 

Let / be a rigid i^'-analytic function on i?" defined over R. In |Se2j we 
proved that there exists an integer a such that Mj is an integer multiple of 
q<~(n/2)i-a~' g^jj ^ j£ ^Yiis conjecture is true in dimension n for the trivial character. 
Consequently, this divisibility property of the Mi is true for n = 2 and n = 3. 
The statement of this property is so easy that we tried to find an elementary 
proof, and with success. It generalized easily to arbitrary dimension and to the 
more general class of numbers Mi{u). This is the subject of the second section. 
We deduce there that Mi{u) is divisible by g^("/2)(»-i)^ for all i e Z>o. 

(1.6) The poles of Igusa's p-adic zeta function are an interesting object of study 
for example because they are related to the monodromy conjecture |De| (2.3.2)]. 
In the third section, we explain the connection between the Mi{u) and the smallest 
real part of a pole of Igusa's p-adic zeta function. Let / be the smallest real part 
of a pole of Zf{s). We proved in |Se2j that there exists an integer a which is 
independent of i such that Mj is an integer multiple of fo^ ^h i ^ Tj^q. 

We repeat this proof for completeness and we also prove the converse: if there 
exists an integer a such that Mi is an integer multiple of for all i G Z>o, 

then I' < I. The last statement has an analogue if we are dealing with a character. 
Together with (1.5), this will imply that Zf^^{s) has no pole with real part less 
than —n/2. Remark that this bound is optimal: Zf{s) has a pole in —n/2 if / is 
equal to xiX2 + X2,Xi + - ■ ■ + x„_ix„ for n even and xiX2 + X3X4 + - ■ ■+x„_2a;„-i+a;^ 
for n odd, see |Ig2[ Corollary 10.2.1]. 

2 A theorem on the number of solutions of con- 
gruences 

(2.1) Let / be a rigid i^-analytic function on i?" defined over R. Let i G Z>o 
and u G R/P^. The numbers Mi{u) and Mj, which are defined in (1.4), will 
sometimes be denoted by respectively Mi{f,u) and Mi{f). 

(2.2) Let / be a rigid i^'-analytic function on R^ defined over R. Let (6i, . . . , 6„) G 
R^. Then g{yi, . . . , i/n) '■= fipi + yi, . . . , 6„ + ?/„) is a rigid i^'-analytic function 
on R^ defined over R. Consequently, h{zi^ . . . , z„) := gijizi, ■ ■ ■ , T^Zn) = /(&i + 
nzi, . . . ,bn + TTZn) is a power series which is convergent on 7t~^R D R and the 
coefficient of a monomial of degree r in this power series is in P'". 
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Note also that the coefficients of a convergent power series are related with 
partial derivatives. 

(2.3) Theorem. Let n e Z>i. Then we have that 

for all rigid K -analytic functions f on R"- defined over R, i & Z>o and u G RjP^ . 

Remark. The number '"(n/2)(i — 1)"' is the smallest integer larger than or equal 
to (n/2)(i - 1). 

Proof. Note that we may suppose that u is zero, because f — u can be replaced 
by /. So we have to prove that 

for every rigid i^-analytic function / on i?" defined over R and for every i G Z>o- 
The argument is by induction on i. For i = 1, the statement is trivial. Let 
k G Z>2. Suppose that the statement is true for i = 1, . . . , /c — 1. We prove the 
statement for i — k. Let . . . , 6„) G -R". It is enough to prove that the number 
of solutions of 

f(bi+7rzi,...,bn + nzn) = 0modP'' (1) 

in {R/P^-^Y is a multiple of g^W2){fe-i)^. Put h{zi, ...,Zn):= /(6i+7r^i, . . . , 6n + 
T^Zn)- Then /i is a rigid X-analytic function on i?" which is defined over R. 
Moreover, the coefficients of the Zj, j — 1, . . . ,n, are in P and the coefficients in 
terms of higher degree arc in P^. We explained this in (2.2). 

Case 1: Not all the coefEcicnts in the linear part of h are in P^. Then the 
number of solutions of (1) in (R/ P''~^)"' is equal to or This is 

actually Hensel's lemma. Because {n — l){k — 1) > ^{n/2){k — we are done. 

Case 2: All the coefficients in the linear part ofh are in P^. Write h{zi, . . . ,Zn) 
= n'^h{zi, . . . , Zn), where h is a rigid X-analytic function on i?" defined over it!. 
Equation (1) becomes 

h{zi,...,Zn) = OraodP''-^. (2) 

We want to prove that the number of solutions of this congruence in {R/P^'^Y 
is a multiple of If A; = 2, the number of solutions of (2) in {R/PY is 

g", so we are done because n > '~n/2~'. If A; > 2, the number of solutions of (2) 
in {R/P^-^Y is q'^Mk-2ih), which is a multiple of q^q^i^/m-^V = ^^(n/2)(fc-i)^_ 
Here we used the induction hypothesis for h and i = k — 2. □ 

We also give a proof of the theorem which is without induction. 

Alternative proof. Let O C {R/P'^Y be the set of solutions of /(xi, . . . ,a;„) = 
u mod in [R/P^Y- We give a partition of O with the property that the 
number of elements of every subset in this partition is a multiple of 
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Let r be i/2 if 2 is even and (i — l)/2 if i is odd. We associate a subset of O 
to every element (61, . . . , 6„) e O. 

Case 1: {df/dxj){bi,...,bn) = mod P*" for every j G {l,...,n}. We 
associate to (61, ... , 6„) the set := (61, . . . , 6„) + (P*"*")". The num- 

ber of elements of is g*"" and this is a multiple of because 

rn > ^{n/2){i — 1)"'. Moreover, 0(f,i,. is a subset of O because all the coeffi- 
cients of h{zi, . . . , Zn) := f{bi + n^~^'zi, . . . , 6„ + n''~^Zn) — u are in P\ 

Case 2: {df /dxj){bi, . . . , 6„) ^ mod for at least one j G {1, . . . , n}. Let 
k be the number in {0, . . . , r — 1} such that {df /dxj){bi, . . . ,bn) = mod 
for every j G {1, . . . , n} and such that {df/dxj){bi, . . . , 6„) ^ mod P'^+i for 
some i G {l,...,n}. We associate to (61,..., 6„) the subset := O fl 

((61,..., 6„) + (p'^+i)") of O. The number of elements of is equal 

to the number of solutions of f{bi + tt^~^^zi, . . . , 6„ + 7r^+^2„) = -u mod P* in 
{R/P'-^-^Y. All the coefficients of h{zi, . . . , := /(&i + tt^^+^^i, . . . , 6„ + 
TT^^'^Zn) — u are in p^fc+i^ -j-j^g coefficient of at least one zj, j G {1, . . . ,n}, is 
not in p2fc+2 g^j^^ ^Yie coefficients in terms of degree at least 2 are in p2fc+2_ 
Write h{zi, . . . , Zn) = n^''~^^h{zi, . . . , 2;„). We have to calculate the number of 
solutions of h{zi, . . . , Zn) = mod P*^^'^"^ in (P/P*^'^^^)". This is equal to 
q^^ Mi^2k-i{h) = g"-'=+(""i)(*"2fc-i)^ Here we used Hensel's lemma. One checks 
that nk + {n — — 2k — 1) > '~{n/2){i — l)"", and consequently we obtain that 
the number of elements of 0(bi,...,b„) is a multiple of 

If (&;,..., 6^) G C(6i,...,b„), then 0^b',,...,b'j = C'(6i,...,b„)- Consequently, the set 
{C'(bi,...,fe„) \ {bi, ... ,bn) & 0} is a partition of O. □ 

3 The smallest poles of Igusa's zeta function 
and congruences 

(3.1) Let / be a rigid i^"-analytic function on P" which is defined over P. Let 
S := {z/q^ \ z E Z,i E Z>o}. Using an embedded resolution of /, Igusa proved 
(see |ilg2] or |Se2| Section 2.2]) that Igusa's j9-adic zeta function of / is a rational 
function in t of the form 

Z (t) - ^(^) 



where A{t) G S[t], where all uj and Nj are in Z>o and where A{t) is not divisible 
by any of the 1 — q~'^H^K Remark that the real parts of the poles of Zf{s) are 
the -Vj/Nj, j G J. Put / := min{-z/j/Ar^- | j G J}. 

It follows from P{t) = and Zf{t = 1) = 1 that the Poincare 

series P(t) = Miq~"-H^ of / can be written as 

Pit) - 
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where B(t) G S[t] is not divisible by any of the 1 — q~"H^K 

In the next paragraphs, we will work in a more general context. By abuse of 
notation, we will use the symbols of this particular situation. 

(3.2) Let P{t) be an arbitrary rational function in t of the form 

where B{t) E S [t] , where all i>j and Nj are in Z>o and where B (t) is not divisible 
by any of the 1 — q~'^H^L Put I := mm{—i'j/Nj \ j G J}. Define the numbers 
Mi by the equality 

oo 

P{t) = J2 M.q-'^r. 

1=0 

The following proposition is also in |Se2j . 

(3.3) Proposition. There exists an integer a which is independent of i such 
that Mi is an integer muhiple of g'"{"+0«-«~' [qj- g]] ^ g Z>o. 

Remark, (i) The statement in the proposition is obviously equivalent to the 
following. If /' < /, then there exists an integer a which is independent of i such 
that Mi is an integer multiple of for all i g Z>o. 

(ii) Suppose that we are in the situation of (3.1). Then n + l > 0, see |SeH Section 
3.1.4] or (3.4), so that {n + l)i — a rises linearly as a function of i with a slope 
depending on /. The statement is trivial if {n + l)i — a < because the Mj are 
integers. If {n + l)i — a > 0, which is the case for i large enough, it claims that 
Mi is divisible by g^("+Oi-"^. 

Proof. We will say that a formal power series in t has the divisibility property if 
the coefficient of /q™ is an integer multiple of for every i. 

For i G J, the series 



l — Q-t^jlNj Z_^^ „niNj 

^ i=0 i=0 ^ 

has the divisibility property because nNj — Vj is an integer larger than or equal to 
Nj{n + l). Let a be an integer such that the polynomial q"-B{t) has the divisibility 
property. 

One can easily check that the product of a finite number of power series 
with the divisibility property also has the divisibility property. This implies that 
q"'P{t) is a power series with the divisibility property. Hence Mj is an integer 

multiple of g^("+Oi^-<^ = ^^(n+Oi-a^ for all i. □ 

(3.4) Proposition. There exist an integer a which is independent of i and posi- 
tive integers R and c such that Miji^^ is not an integer multiple of g'"('i+0(*^+c)+a."' 
for i large enough. 
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Consequences, (i) If there exists an integer a such that Mi is an integer multiple 
of for all i e Z>o, then I' < I. This is the converse of proposition 3.3. 

(ii) Because we saw in the previous section that Mj is an integer multiple of 
g'"("/2)(»-i)"' if a^]-g in f]2e situation of (3.1), we obtain already that Zf{s) has 
no poles with real part less than —n/2. 

Proof. Put Ji = {j E J \ —Vj/N.j = 1} and J2 = J \ Ji- Let N be the lowest 
common multiple of the Nj, j G Ji, and let u be the lowest common multiple of 
the Uj, j G Ji. Remark that u/N = fj/Nj for all j G Ji. Let m be the cardinality 
of Ji. Because 1 — q~^t^ is a multiple of 1 — q~^H^^ for all j G Ji, we can write 

Pit) ^ r ^^'^ 



q-n^)mll.^j^{l-q-'^H^,) 



where D{t) G S[t\. Applying decomposition into partial fractions in Q(i), we can 
write 

^' /n 1J-I- \ \ m ( 1 ij4- /V \ m — 



where w G Z, where G ^ft] with deg(ri) < N and where E{t) G ^ft]. 
Let A; G Z>o. Then 



where : Z>o — >■ Z>o is a polynomial function with rational coefficients of degree 
k-\. Indeed, because E.Jo /fc(^)?"''^^''^ = {YZ^(l~'"t^''){YZ^h-i{^)(f'''t'''). 
we obtain that /fc(^) = Xir=o Consequently, it follows by induction on k 

since ^"=9 is a polynomial function in n of degree r with rational coefficients 
if g is such a function of degree r — 1. 

There exists an integer d, an integer z which is not divisible by q and poly- 
nomial functions with integer coefficients g^^ : Z>o Z>o, 6g{0,1,...,A'" — 1}, 
such that 

+ TZ -TT. r + --- + 



(1 - q-n^)"^ (1 - q-n^)"^-^ 1 - q-n^ 

N-l 00 / .N 
b=0 i=0 

N—l 00 / j.iN+b 

_ \^ 9W (n+0(iiV+6)-(i-W_^ /ON 

6=0 i=0 ^ 

and such that 2; is a divisor of gb{i) for every i G Z>o. Remark that (n + l){iN + 
b) — d — bl is an integer. Because is not divisible by (1 — q~'''t^)'^, at least 
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one of the polynomials gb is different from the zero polynomial. Fix from now on 
a 6 e {0, . . . , — 1} for which gi, is different from 0. Because gb is a polynomial 
function, it has only a finite number of zeros. Let h he a positive integer which 
is not a zero of gb- Let r be an integer such that gb{h) is not a multiple of g*". 
Because gb is a polynomial with integer coefficients, we obtain for every i G Z>o 
that gb{i<f + h) is not a multiple of . Let a be the greatest integer less than or 
equal to r — d — hi. Because {iq'' + h)N + h = iq'''N + hN + b, we put R = q'''N 
and c = hN + b. With this notation, we have that the coefficient of gn{iR+c) 
in (3) is not an integer multiple of q{n+i)(iR+c)+r-d-bi ^ ^r^n+i){iR+c)+a^ ^^^^y 

i e Z>o. 

Now we consider the remaining part 

m (4) 

of wP{t). We obtain from Proposition 3.3 that there exists an Z' > / and an 
integer a' such that the coefficient of t^/q^^ in the power series expansion of (4) 
is an integer multiple of g^("+' )*~" ^ for all i G Z>o. Consequently, the coefficient 
of t'/g™ is an integer multiple of g'~("+0«+a"' for i large enough. 

Because wMm^c is the sum of two numbers of which exactly one is an integer 
multiple of fQ^- i large enough, we obtain that wMu^^c, and thus 

also MiRj^c, is not an integer multiple of g'"("+0(*K+c)+a"' ^ large enough. □ 

(3.5) Let X be a character of with conductor e. Suppose that the image of 
X consists of the mth rooths of unity. Let ^ = exp(27rA/— 1/m). The minimal 
polynomial of ^ over Q is the mth cyclotomic polynomial having degree the Euler 
number 0(m). Remark also that {1, ^, . . . , ^'?^(™)~^} is a basis of Q(0 as a vector 
space over Q. 
Write 

oo 

j=0 «G(R/P<=)x 
o 

) (5) 




where MiJ^e,k is a linear combination of the Mj+e(7r*u), n G {R/P'^)^ , with integer 
coefficients because the mth cyclotomic polynomial is monic and has integer 
coefficients. Since M(_|_e(7r*M) is an integer multiple of this implies 

that Mi+e,k is also an integer multiple of 

On the other hand, using an embedded resolution of /, Igusa proved (see |lg2| 
or |Se2| Section 2.2]) that Zf -^{t) can be written in the form 
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where Ak(t) E S[t], where every Uj and A'^- is in Z>o and where Ak(t) is not 
divisible by 1 — q'^H^^ for every j G Jk- 

Because {1,^, . . . ,^^^"'^-^} is a basis of Q(f) vector space over Q, we 
obtain from (5) and (6) that 



^kjt) ne -ni.i 

— jy, - > Mi+e,kq q t 



for every G {0, 1, . . . , 0(m) — 1)}. The consequence (i) of (3.4) can be apphed 
to this equahty. Because Mi^^^^q'^^ is an integer multiple of g'"{"/2)(«+e-i)-ne"i^ 
which is equal to g^("--"/2)«-("-/2){e+i)^^ obtain that Zf^^{s) has no pole with 
real part less than —n/2. 

We obtain the following theorem by using (1.3). 

Theorem. Let n G Z>i. Let f he a K -analytic function on an open and compact 
subset of K^. Let x be a character of . Then we have that Igusa's p-adic zeta 
function Zf^^{s) of f has no poles with real part less than —n/2. 

Remark. To any / G C[xi, . . . ,x„] and d G Z>o Denef and Loeser associate the 
topological zeta function Z^^^j{s), see |DLj or |Dej . Because z[^^ jr{s) is a limit 

of Igusa's p-adic zeta functions, we obtain that Z^^^ j-{s) has no poles less than 
—n/2. This is well known for n = 2 and we proved this already for n = 3 in |S Vj . 
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